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In this paper we study S-idempotents of the group ring Z,G where G is 
a finite cyclic group of order n. We give acondition on n such that every nonzero 
idempotent element of the group ring Z,G is Smarandache idempotent and we 


find Smarandache idempotents of 


the group ring KG, where K 


is an 


algebraically closed field of characteristic 0 and G isa finite cyclic group. 


Keywords: Idempotent, S-idempotent, group ring, algebraically closed field. 


Introduction: 


Smarandache idempotent element 
in rings introduced by Vasantha 
Kandasamy [1]. A Smarandache 
idempotent (S-idempotent) of the ring R 
is an element 0 # x € R such that 

Le =x 

2) There exists a € R\ {0, 1, x} 

i)@ =x and 

ijsa=—a (ax =a) or ax =x 

(xa =x). 

She introduced many Smarandache 
concepts [2]. Vasantha Kandasamy and 
Moon K. Chetry discuss S-idempotents 
in some type of group rings [3],. A prime 
number p of the form p= 2* —1 
where k is a prime number called 
Mersenne prime [4]. In section one of 
this paper we study S-idempotents of 
the group ring Z,Gwhere G isa finite 
cyclic group of order n. Ifn = 2p, p is 
a Mersenne prime, we show that every 
nonzero idempotent element is S- 


idempotent and we find the number of 
S-idempotent element. In section two we 
study S-idempotents of the group ring 
KG where K is an algebraically closed 
field of characteristic 0 and G isa finite 
cyclic group, we show that every non 
trivial idempotent is S-idempotent. 


1. S-idempotents of Z,G 


In this section we study S- 
idempotents in the group ring Z,G 
where G is a finite cyclic group of 
order n, specially where n=2p, p is a 
Mersenne prime (i.e. p= 2* —1 for 
some prime k). 


Theorem 1.1. 

The group ring Z,G _ where 
G=(g|g™ =1) isa cyclic group of an 
odd order m >1, has at least two non 
trivial idempotent elements, moreover 
no non trivial idempotent element is S- 
idempotent. 

Proof: Consider the element 
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m-1 m-1 
a=gt@igt tg? t+g2 t+... 
+g""! of Z,G. Since the coefficient of 
each oS) ae Ih AS I Zp 


a Sp te hte Fete tet oe, 
Hence a*= a, that is @ is an idempotent 
element, so(1+ a) is also an idempotent 
element. It remains to show that no 
idempotent element of Z,G is an S- 
idempotent. Suppose 

=1 


m 
C= G+ a8) O38" Fit dm—1,,8 7 + 


..+a, g”~*, is a non trivial S-idempotent. 
Thus a@ is different from 0 and 1, moreover 
there exists 6 in Z,G\{0,1, a} such that 

P= let P= het her ae fast 
m-1 


bm=14,8 2 + at Dy ie > 


where b, € Z,. But a? = a, which means 
that 


Gr age Pay +. dat 
2 


Pott OS = pit by +0. 8 Su 
bm=1,, ee tae Dye. 


It follows that a;=b, for each 1=i<m). 
Therefore a=, which is an obvious 
contradiction. 

The group ring Z,G , where G is acyclic 
group of an odd order may contains more 
than two idempotent elements as it is 
shown by the following example. 


get + 


Example 1.1. 

Consider the group ring Z,G where 
G=( g| g’ = 1) is acyclic group of order 7. 
By Theorem 1.1, gtg? +g? + g'+2°+ 9° 
andi+g+g’?+p?*+g*+g°>+g° are 


idempotent elements, In addition 
(g+e’+e°)’= eg +ett+g and 
(1+ g+¢e¢’°4+9*)?=1+9’?+2'+ 8, so 
1+¢g+9*+ g* and g+ g’+g" are 
idempotent elements. Therefore Z,G has 
more than two idempotent elements. 

The proof of the following result is 
not difficult. 


Theorem 1.2. 

If a is an S-idempotent of the group 
ring Z,G where G is a cyclic group of 
order n, then (1+ @) is an S-idempotent 
of Z,G. 


Theorem 1.3. 

The group ring Z,G, where 
G=(g|g’" = 1) is a cyclic group of order 
2n, n is an odd prime, has at least two S- 
idempotents. 

Proof: Let a=g?+g*+--+9™ t+ 
grtt---+g7"-2. Thus 


az =g*+p%4+--+ 97? +97+9°+ 
“+++ 977-4 = a, Hence a@ is an idempotent 
element, so (1+ a) is also an idempotent 
element .We will show that a is S- 
idempotent, so let 

PSB ere eee es 

n-1 3n+1 

g2 $e 2 pete pe. 
It is clear that B* =a. We claim that 
ap =f. For this purpose we describe 
the multiplication af by the following 
array say A: 
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g° gr? 
g” +6 g?n -1 

g° g’ g" 
gts gts . 


n+3 n+7 3n-7 
gz g 2 g 2 
3n+5 3n+9 Sn—-5 
A = g gz g 2 
n+7 n+11 3n-3 
g2- g 2 g 2 
eo go or 
go g a ae 
g" pues oF 
g g° ae ore 
g gee gh 


That is A = [Aj |q@—1xm-1, Where a, is 
the summand of af which is equal to the 
product of the ith summandof f with 
the jth summand of a. This means 
ap = ra Yet a,. If we take the first 
and the third rows of this array we will 
see that g' occurs twice for each i except 
(i= 1, 3). By adding the terms of this two 
rows it remains only g-+g? (observing 
that the coefficient of each g', i=1, 2, ...,.m 
isin Z, ). Again by adding the second and 


pr? gP 


er po er 
pg +3 gn —2 ge” 
g" +4 on -1 


5n—5 5n-1 7n—-11 7n-7 
a e-? & 2 ae 
3n-3 3n4+1 5n—9 5n—5 
g 2 g 2 g 2 g 2 
5n—-1 5n+3 7n—-7 7n-3 
g 2 g 2 on g 2 g 2 
3n41 5n+3 1 5n—5 5n—-1 
g 2 a g 2 g2 
2n—-5 2n-3 n-8 n—-6 
8 8 8 
n—-4 n-2 2n-7 2n—-5 
8 8 & 
2n-3 2n-1 n-6 n—4 
& & & 


n-2 n 2n—-5 2n-3 
g x £ 


2p—5 
§ 


2p-3 


the fourth rows in this array, according to 
the same argument it remains only 
gPt?+oP+4 Proceeding in this manner we 
will get the (p—3)th and the (p —1)th 
rows, and adding their terms it remains 
only g??-3 + g’?-!, Thus we get 

ap=gt+e’?+ 3 + ttt peep 
eo + gr feet gr 24g2n-4 _ B. 
Hence a is S-idempotent. By Theorem 1.2, 
(1+ a) is also S-idempotent. This complete 
the proof. 
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Lemma 1.4. 
In Z,G, where G = (g |g”? = 1),p is 
a Mersenne prime (i.e. p = 2" —1 for some 


prime k) g?! = g?"*"' and the elements 


of S= { 22! p27, g?l aks geet gy are 
distinct for each odd number / less than p. 
Proof: Since 2**'1-—21 = 21(2* -1)= 
2lp, 2**"l = 2l(mod2p), which implies that 
g?! = g?"*"|_ Now suppose that g?! = g?! 
(for some 1< t < k). This means 2°] = 21 
(mod2p), hence(2* — 1)|I( 2't — 1)yields 
either ( 2" — 1)|1l or (2* — 1)|(2* — 1). 


But (2* —1)|l contradicts the hypothesis 
that! <p, and if (2* —1)| (2°*- 1), 
hence k <t-— 1, contradiction with 
l<t<k. 

Lemma 1.5. 


If p=2* —-1 is aMersenne prime, 
then k | (2* — 2). 
Proof: Since k is prime, according to 
Fermat’s Little Theorem, k | (2" — 2). 


Combining the last two lemmas 
we deduce that in the group ring Z,G, 
where G_ is a cyclic group generated by 
g of order 2p, p is a Mersenne prime 
(i.e. p =2* —1 for some prime k), if 
k_ 
<=, then a=g? +g* +--+" + 
grt? 4...497P-2. can be partitioned to 
sum of m elements say @,,@),.-, Gn 
each a; (IS i<m) is of the form 


m= 


a =git ge + gee gl 
where / is an odd number. 


Theorem 1.6. 


Let Z,G be a group ring, where 
G = (g| g’? = 1) is acyclic group of order 
2p, p is a Mersenne prime. Then every 
element of the form a = g?) +g?! 4-4 
g"' is an S-idempotent (J is an odd 
number). 
Proof: Let a=gt +g?! te. +92", 
By Lemmal.4, all elements’ in 
S = {g?, 97"! "4 are distinct, moreover 
g?! = g"" Hence a%=a. Now, let 
B=git+tg?+e3 +--+ 9% andx;, i= 2 
be the smallest positive integer such that 
x; < 2p. Thus x; = 2'l (mod2p), this means 
x; = 2'l —2pr, for some r € Z*. Define t; 
by 

=X if =X is odd (2 <i<k) 

t; = 

5%; +p if 5 Xi iseven(2 <i<k). 
If + x; is odd, then (g')? = (g2*-P) 
=g' Hence f? =a. If =X 


then (gti)? =g?' and B* =a for each 
(2 <i<k ). We will show that af =f. 
For this purpose as before we describe 
the multiplication af in the following 
array say A: 


is even, 
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31 51 91 1(2k-241) 
g g g g 
t2 +21 t2+4l t2+81 t2+2k-2] 
g g g g 
t3t2l t3 +41 t3+8l tgt2k-2) 
g g g g 
= t4g+2l tat4l t4a+8l tat2k-2) 
a= |) pt ga ie gt 


eer ia lee i ed 


gikt2l  gtet4l gt +8 gin tee 
where a,, is the summand of af which is 
equal to the product of the ith summand 
of 6 with jth summand of a. This means 
ap = Yi, di, a,.We complete the proof 
by the following three steps. 
Step 1: Considering the first and the kth 
column in this array we claim that 
Ay; ~ Agere saa I!) 
for each (1 < j <k—1), equivalently 
gas! = gts 


Let w=t,,+251-(2+1)1. Now, 
Xj, = 2)" 1 (mod 2p), thus x4 = 2/1 — 
2pr, forsome ré Z*. If : Xj41 is odd, 
then 5X)4. =2l—pr is odd (this hold 
only if 7 is odd), hence t,,, = 2/1 —pr. 
So, w =21- pr+ 2*1-21-l = 
0 (mod 2p). Therefore (2)+1)l =t,, + 
21 (mod 2p ). This yields (1). If > x43 


is even, then 5 X41 =2)l—pr is even 
(this hold only if r is even), hence 
ta =2l—pr +p. So, o= U1—npt+ 
lp = 0 (mod 2p). Hence (2) + 1)l = t),, + 
2*l (mod 2p). This also yields (1). This 
implies that a,; + A¢j41), = 0 (mod 2p ), 


gi@ ~141) gi(2*+1) 
gizt2i' gi2t2k 
gtst2ir’ gtst2il 
giat2i' gtat2il [Gis lexk » 


therefore by adding the terms of the 
first row and the kth column it remains 
only a,, = gi@**), 
Step 2: Consider the subarray 

B= (By), sent of A= (a) where 
by; =Qg4n; foreach (1 Sif = K-41), 
by neglecting the first row and the kth 
column, we will show that 

by = dj .(2), 

for all (1 < i,j <k—1) such that (i +j), 
equivalently gtiti)t2! = pratt Let 
@ = baa h2lmty— 2. Now, 
Xiag = 2°41 —2pr and x,4, = 2) — 2ps, 
for some r,s € Z*. Thus 5 Mins = 2'1- 


pr and 5 Xn = 21 -ps. If 5 Mins and 


are even, hence 2'l—pr_ and 


z Xi+1 
2}l1—ps are even ( this hold only if r 
ands are even), it follows t,,, = 2'1- 


pr+p and t;,,=2l-ps+p. So, 
w=(s—r)p=O0O(mod 2p). Hence 
tsp t21 Sta, +2'1 Gmod 2p), This 


J 
itis clearly w=(s—r)p =0 (mod 2p). 
Hence €,,, + 2'1 = t,,, + 2'l (mod 2p). 


yields (2). If > Kins and 5 Mini are odd, 
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This also establishes (2). If 5 x41 is odd 


and - XjaiIS even, it is also clear 
that w=(s —r—1)p =0 (mod 2p). Thus 
tiz, +2) =t,, +2'l (mod 2p).This also 
yields (2). If - Xi4, 18 even and . X41 18 
odd, thus by using similar argument we 
get fag fb 2st. +20 (mod 2p). This 
also yields (2). For all cases we get bj + 
Step 3: From Step 1 and Step 2 we get 
that aB=a,,+D%'b, and it is not 
difficult to show that a6 = 6B which means 
that a is an S-idempotent. 


We call an S-idempotent of ZG 
of the fom =a = g2 + gh 4. p gl, 
where I is an odd number a basic S- 
idempotent. 


Example 1.2. 

Consider the group ring Z,G_ where 
G = (g|g® =1) is acyclic group of order 
62 (i.e. p =31 and k =5). By Theorem 1.7, 
if 1 = 1, then a = g’? + g*+g°+ 9° + g*¥ 
and B=g+e"+g"+¢ + 9%’. It is 
clear that B*? =a . Let us describe the 
multiplication a@fB by the following array 
say A: 


g gg g? gv” g® 

or an a ane 
A=|g7 g° ge gh gs 

ge og ogi gh og? 

eS Oe fe CB 
Hence applying Theorem 1.6, we get 


ap=g+e%+e%+o%+ 9" = £. 


Theorem 1.7. 
If a, and az are two basic S- 


idempotents in Z,G, where G is acyclic 
group of order 2p, p a Mersenne prime, 
then a, + @, is S-idempotent. 

Proof: Let a,,a@2 be two distinct basic 
S-idempotents in Z,G, so there exist 6, and 
B, such that B,” = a@,, a, 8, = B,,B) = 
a, anda, B, = p,. 

Now, (8, + B,)? = By +B, =a, +a, 
and (@, + @,)(P, + B,) = a, B, + a B, + 
a, B, + a, B, = Bi + B, + a, B, + a, By. 
We show that a,f, + a,fB,;=0. By 
describing the multiplications a,f, and 


a,B, by the two arrays A and B 
respectively and using similar argument 
of Theorem 1.6, we get A+B= 0 
that is a@,f,+a,f, =0 Therefore 
a, + a, is an S-idempotent. 
Theorem 1.8. 

If a,,@,,..,@, are n_ basic 
S-idempotents in Z,G where G is a 


cyclic group of order 2p, p is a 
Mersenne prime, then a, +a,+°+a, 
is S-idempotent. 

Proof: Follows from Theorem 1.7. 


By combining all previous results 
concerning the group ring Z,G, where G 
is a cyclic group of order 2p, p is a 
Mersenne prime we get the following result 


Theorem 1.9. 

Consider the group ring Z,G where 
G is acyclic group of order 2p, p isa 
Mersenne prime. Then 
1)Every non trivial idempotent is S- 
idempotent . 


2) The number of non trivial S-idempotents 


is 2(2" — 1), where m = 2. 


Proof: 1) Follows from Theorems 1.6, 1.7, 
1.8 and Theorem 1.2. 

2) From Theorems 1.6, 1.7, and 1.8, by 
using the concepts of probability theory 
we conclude that the numberof S- 
idempotent in ZG is 
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A=2(()+(@)+-+@))= 
2(2™ — 1), where m= oa 
2. S-idempotents in the group ring of 
a finite cyclic group over a field of 
characteristic zero 


In this section,we study the group 
ring KG where X isan algebraically 
closed field of characteristic 0 and G is a 
finite cyclic group of order n. We get that 
every nontrivial idempotent element in this 
group ring KG _ is an  S-idempotent 
element. 


Theorem 2.1. 

Let K be algebraically closed field 
of characteristic 0 and G isa finite cyclic 
group of order n. Then every nontrivial 
idempotent elementin KG _ is an S- 
idempotent. 


Proof: By [5], KG has 2" —2 nontrivial 


idempotent elements, let a = 1725 r,g' € 


KG bean idenpowny element. 


Put B= iy (-1)g' € KG. Hence 
B= Qi (r)8')? = (-1D Li rg")? 
= ie 7 ng =a 
Now, af = Yi ng Lid (—r)eg' 
=(-DQis ng? = =i (“ne = 


Therefore every nontrivial idempotent in 
KG is an S-idempotent. 


Recall that £ called Smarandache 
Co-idempotent of a [1]. The following 
example shows that the Smarandache co- 
idempotent need not be unique in general. 


Example 2.1. 

Let G be acyclic group of order 3, 
and X is an algebraically closed field of 
characteristic 0, and let a=) r,g' € 
KG. If a is an idempotent element, then 
by [5], the valuesof ™, 7, and 1% are 
followings 


1 1 
3 3 


3 


Consider the — 


2 1 1 14+v3 i 
M3 38°58 MaBt 
+E grand a, =24° Big ig 
For each (1<i <3), a; has three 


Co-idempotents we denote them by ff, 


(1 <j <3). Theyare £,, = = +2 gt= g?, 
v3i_ VBI a 

Bn =s->8', By = + 8 
-2 1-v3i -14+v3 i, 


6 > 


—3+V3 i -3-v3 3-3 i 
Bro gt 8", Bas mt oe “2 
14+v3 i —2 1-v3 i 14+v3 i 
pe a Se 
cs can san 
B32 = ON ot g? » B33 = ot 
=— “8 35g: ' epetiiy We see _ that 
ee Bij A,B, = B2; and a8; = B3;, 


By = Gy By =e, and Py? = 4, for 
each (1 Si <3). 
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Theorem 2.2. 

Let K b an algebraically closed field 
of characteristic 0 and G= Z, x Z,. 
Then every nontrivial idempotent element 
in KG is an S-idempotent. 
Proof: If m,n are relatively prime, 
then the proof is givenin Theorem 2.1, 
since Z,, X Z, = Zmn is cyclic. If m and 
n are not relatively prime, for each 
(kk, peGc tle (k,fp=8a4 (OSkS 
m—1,0sj/sn—I, and let 


a=>ym 'r,g;€ KG be an idempotent 
element [6].TakeS = 1i™)'(-1,) gi € KG, 
then it is clear that 


B2 =a and aB=B. 
Therefore every idempotent element in KG 
isan S-idempotent. 


Finally we concern the group ring 
RG where ® is an integral domain and 
G is a finite group of order n. We give 
a condition under which RG contains S- 
idempotents. 


Theorem 2.3. 
Let 8 be an integral domain, and let 


G be afinite group of order n. If some 
prime divisor p of n isaunitin R and 
1) p?=p™ or 
2) p=p° or 
3) p=2. 
Then the group ring RG has S-idempotent. 
Proof: 1) Since p is a prime dividing n, 
and p isa unit in R then by [7] a= 
DP Yen X iS a nontrivial idempotent 
where # isa subgroup of G of order p. 
Let B= Dp) vey: Then 
ab = PP Viren X Leen X = P Leen X = B, 
and B’ =p? (Xren x)? = p* Liven Xx 
= po dicen X = a, 
Hence a@ isa S-idempotent. 
2) we have @=p"DyeyX is a nontrivial 
idempotent. Let B = icq x. Then 


ap = p* Det x Dwell x= er x= ps 
and B° = (xen xr = P dixen X — 
P-1r€Hx=¢4. 


Therefore a isa S-idempotent. 

3) Since p = 2 divides n, then|G| = 2k and 
a=24(1+g"). Let B=(1+8")-a. 
Then it is clear that B? = aand aB = B. 
So @ isan S-idempotent. 
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